We consider the numerical solution of two-point boundary value problem by collocation method using cubic spline. We derive asymptotic expansions of the errors which are a posteriori determined with little additional computation. The applications of these asymtotic expansions to a posteriori improvement of the approximate solution and adaptive mesh selection strategy (chopping procedure) are discussed. Some numerical results which closely correspond with the predicted theory are given.
§ 1. Introduction and Description of Method
Cubic splines are of much use for approximating solutions of twopoint boundary value problems for both linear and nonlinear ordinary differential equations. In the present paper we shall consider the following two-point boundary value problem:
(1.1)
x(fy=f(t, *(*), *'(*)), with boundary conditions
where f(t, x., w) is defined and sufficiently smooth in a region D of (t, x, w}-space intercepted by two hyper-planes £ = 0 and t = l. We rewrite the above problem in the following form: (1.12) (1A) (a, -«,.-!)=&, *=-2, -1, -, n-1.
Any two piecewise linear functions coincide with each other if and only if they coincide at the nodes, therefore we see that (1. 9) is equivalent to the following system of n + \ equations:
The boundary conditions (1. 10)-(1. 11) give two equations:
(1. 14) (fl 0 /6) (a_!+4a_ 2 +a_ 3 ) -(6 0 /2) (P-i+fa) =c 0 (1. 15) ( fll /6) (a n _ 1 + 4a n _ 2 + a n _ 3 ) + (V2) (Pn-i + h-*) =CL
The number of undetermined coefficients is 2n + 5 and the conditions (1. 12) -(1. 15) precisely give the requisite number of equations. In practical computations it is more convenient to use the equations containing only a { (i = -3, -2, ••-, n -l} which can be obtained from (1. 12)-(1. 15) by eliminating /3-(f=-2, -1, -, n-l).
In the present paper we assume that the problem (1. Since the coefficient matrix of the linear system (1. 3 !)-(!. 34) for determining ($ h9 ^) is the one of the Newton method at the final stage by which we calculate (% h , W h ) 9 the principal parts of the errors cf (1. 37) -(1. 38) are obtained with little additional computation.
In Section 3, we consider chopping procedure applied to two-point boundary value problem by Russell and Christansen ( [8] ). Our chopping procedure uses only uniform meshes at each step which can be automatically refined in order to reduce the (estimated) error below a requested tolerance. It behaves quite adequately for many problems including ones whose solutions have sharp gradients. We see that our procedure performs efficiently and reliably on all the problems considered, within the limitations imposed by the maximum number of grid points allowed. That limitation is computer dependent. We emphasize that our packages presented later have provisions for estimating and controlling the global error of the computed solution with little additional computation. We have frequently observed that when problems are solved on a sequence of meshes, an acceptable solution is arrived at some regions before the problem as a whole has been solved. A successful strategy of ours for keeping the work to a minimum while selecting successive partitions has been to chop off these regions where the solution is satisfactory. The differential equation is then solved on the remaining regions using asymptotic expansions (1. By reducing A to A/2 and using the operator P, we consider the numerical solution of problems (3.1) -(3. 3), or (3. 6) -(3. 8) and (3. 9) -(3. 11). The successive use of this procedure will give the approximate solution ^(0 so that (3.12) l!^-{^-( § 4. Numerical Illustration
In this section, we discuss numerical results obtained from some concrete examples. These results confirm the theoretical accuracies established in previous sections. The rate of decrease of the errors "), where a is computed from the results from h = 1/16 to 1/32, is given in parentheses in each Table. As our examples, we choose Here we may consider another definition of an operator P, i. e., Problem 3. Now we consider a nonlinear boundary value problem:
This problem has a unique solution l/Vl+£ 2 /3 . Table, we list up the numerical results for the smaller solution. Next we consider the application of chopping procedure to the following problems in which we take a desired tolerance £=10~4 and h = 1/32 as starting mesh sizes.
Problem 5. First we consider the singular perturbation problem:
There exists a unique solution symmetric about t = -and having boundary layers of thickness 1/100 at 0 and 1. That is, it is troublesome for methods based on standard initial value problem techniques.
Problem 6,
The exact solution is characterized by a boundary layer cf thickness 10~4 at the origin, and a limiting interior solution is I/ (2-0-From numerical results, we have 4999 as an approximation to #'(0). In the following Table, a = 30° and N is the maximum number cf grid points on the remaining intervals, that is, we have to solve a linear system of order AT+3 at least one time. In Problem 5, only the half of the interval [0, 1] is covered because of the symmetry. h is the smallest mesh size of the remaining subintervals.
